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Abstract
We give a short proof of the Approximation Conjecture with complex coefficients for amenable groups
[G. Elek, The Strong Approximation Conjecture holds for amenable groups, J. Funct. Anal. 239 (1) (2006)
345–355].
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1. Introduction
Let G be a discrete group. Denote by RG the group ring of G with coefficients in a ring R
which satisfies the inclusions Z ⊂ R ⊂ C as a ring. In the theory of L2-invariants (see, e.g., [7])
one considers the Hilbert space completion 2(G) of CG, i.e. the Hilbert space
2(G) :=
{
ξ :G → C ∣∣∑
g∈G
∣∣ξ(g)∣∣2 < ∞
}
.
It has an obvious CG-bimodule structure. For d ∈ N denote by Matd×d(N (G)) the von Neumann
algebra of (d ×d)-matrices with entries in the group von Neumann algebraN (G) of G. There is
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operators on 2(G)d and a trace trG on Matd×d(N (G)) given by
trG(Ai,j ) :=
d∑
i=1
〈Ai,ie, e〉.
The von Neumann dimension of a closed G-invariant subspace V ⊂ 2(G)d is defined as
dimG(V ) := trG(P ),
where P ∈ Matd×d(N (G)) is the orthogonal projection onto V . Each A in Matd×d(RG) defines
a multiplication operator r(2)A on 
2(G)d which is given by the multiplication by A from the right
side and whose kernel is a G-equivariant subspace of 2(G)d . Finally, we call an inverse system
(Gi)i∈I of subgroups of G which is directed by inclusion over a directed set I residual if for each
i ∈ I , Gi is a normal subgroup of G and⋂i∈I Gi = {e} holds. Each quotient map πi :G → G/Gi
induces an epimorphism from Matd×d(RG) onto Matd×d(R[G/Gi]). We denote by Ai the image
of A under that epimorphism.
A standing conjecture in the theory of L2-invariants reads as follows.
Approximation Conjecture for (R,G). The discrete group G satisfies the Approximation Con-
jecture for coefficients in R if the following holds: Given any residual system (Gi)i∈I in G,
d ∈ N, and A ∈ Matd×d(RG) one has
dimG
(
ker
(
r
(2)
A
))= lim
i∈I dimG/Gi
(
ker
(
r
(2)
Ai
))
.
This conjecture has been proven in various cases and versions. Especially the linearly ordered
version (i.e. I = N) with integer coefficients R = Z has been treated by numerous authors. The
reader is referred to Lück’s monograph [7] for a detailed account on the genesis of the conjecture
and various of its generalizations. We mention here the result of Lück [6], who proved the linearly
ordered version of the conjecture for arbitrary group G and those directed systems (Gi)i∈N which
consist of finite index subgroups. A result by Clair [2] shows that the linearly ordered version with
integer coefficients holds for amenable groups G. In [8] Schick has described a class of groups
which contains all residually amenable groups and whose members satisfy the Approximation
Conjecture for integer coefficients. The linearly ordered version with complex coefficients has
been treated successfully by the authors of [3] for finitely generated amenable groups. In [5]
Elek proved the Approximation Conjecture for complex coefficients and amenable groups, thus
generalizing Clair’s result. Using an idea of [4] we give a short proof of Elek’s result in the next
section.
2. Proof
The aim of this section is to prove the Approximation Conjecture with complex coefficients for
amenable groups. To begin with we recall that the discrete group G is called amenable (see, e.g.,
[1, Appendix G]) if there exists a mean on ∞(G;R), i.e. a linear functional m :∞(G;R) → R
satisfying
inf
{
ξ(g)
∣∣ g ∈ G}m(ξ) sup{ξ(g) ∣∣ g ∈ G}
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groups as follows. The discrete group G is amenable if and only if for any ε > 0 and non-empty
finite subset E ⊂ G there is a non-empty finite subset F ⊂ G which satisfies
∣∣F \ (F · g)∣∣< ε|F |
for each g ∈ E. We shall use the following reformulation of Følner’s criterion. For A ∈
Matd×d(RG) and a non-empty finite subset F ⊂ G we call
∂AF :=
⋃
g∈supp(A)
F \ (F · g)
the A-boundary of F . Now G is obviously amenable if and only if for any ε > 0 and A ∈ RG
there exists a non-empty finite subset F ⊂ G satisfying
|∂AF | < ε|F |.
For a non-empty finite subset F ⊂ G let
2(F ) := {ξ ∈ 2(G); supp(ξ) ⊂ F}.
Suppose F = ∂AF . By restricting r(2)A to 2(F \ ∂AF)d and taking the orthogonal projection on
2(F )d afterwards we obtain a finite-rank operator
rFA :
2(F \ ∂AF)d → 2(F )d .
For a closed subspace V ⊂ 2(G)d we define
dimF (V ) := 1|F |
d∑
j=1
∑
f∈F
〈
P(f · ej ), f · ej
〉 ∈ [0, d],
where we have denoted by P ∈ B(2(G))d the orthogonal projection onto V .
Obviously, the following propositions hold:
• If V ⊂ W , then dimF (V ) dimF (W).
• If V ⊂ 2(F )d is a subspace, then dimF (V ) = dimC(V )|F |−1.
• If V is G-invariant, then dimG(V ) = dimF (V ).
Lemma 1. One has
0 dimG ker
(
r
(2)
A
)− dimF ker(rFA ) d · |∂AF ||F | . (1)
D. Pape / Journal of Functional Analysis 255 (2008) 1102–1106 1105Proof. Clearly, ker(rFA ) is contained in ker(r
(2)
A ) as a subspace. Therefore the first inequality of
(1) holds. Furthermore one has
dimG ker
(
r
(2)
A
)+ dimG im(r(2)A )= d
and
dimF ker
(
rFA
)+ dimF im(rFA )= d ·
(
1 − |∂AF ||F |
)
.
Since im(rFA ) is contained in im(r
(2)
A ), the lemma now follows by an easy estimate. 
We can now prove our result.
Theorem 2. Let G be a amenable group. Then the Approximation Conjecture with complex
coefficients holds for G.
Proof. Let (Gi)i∈I be a residual system in G, A ∈ CG and ε > 0. Choose a non-empty finite
subset F ⊂ G with F = ∂AF and i0 ∈ I such that
• 2d|∂AF ||F |−1 < ε holds, and
• πi gets injective for each i  i0 after restriction to F and supp(A).
Set Ei := πi(F ) for each i  i0. We may assume that πi(∂AF) = ∂AiEi holds for all i  i0. For
each i  i0 the quotient map πi induces a linear isomorphism 2(πi)d which makes the following
diagram commutative
2(F \ ∂AF)d 
2(πi )d−−−−→∼= 
2(Ei \ ∂AiEi)d
rFA
⏐⏐ ⏐⏐rEiAi
2(F )d
∼=−−−−→
2(πi )d
2(Ei)d .
Therefore
dimF
(
ker
(
rFA
))= dimEi (ker(rEiAi
))
holds for each i  i0. Now the claim follows, since we have
∣∣dimG/Gi ker(r(2)Ai
)− dimG(ker(r(2)A ))∣∣

∣∣dimG/Gi ker(r(2)Ai
)− dimEi (ker(rEiAi
))∣∣+ ∣∣dimEi ker(rEiAi
)− dimG(ker(r(2)A ))∣∣

∣∣dimG/G (ker(r(2)))− dimE (ker(rEi ))∣∣+ ∣∣dimF (ker(rF ))− dimG(ker(r(2)))∣∣i Ai i Ai A A
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( |∂AiEi |
|Ei | +
|∂AF |
|F |
)
< ε
for each i  i0 by Lemma 1. 
Acknowledgments
The author would like to thank Prof. Dr. E. Ossa for his kind support while the author was
writing his diploma thesis at the University of Wuppertal and Prof. Dr. W. Lück for directing the
author’s attention to a preliminary version of [5].
References
[1] Bachir Bekka, Pierre de la Harpe, Alain Valette, Kazhdan’s Property (T), New Math. Monogr., vol. 11, Cambridge
Univ. Press, Cambridge, 2008.
[2] B. Clair, Residual amenability and the approximation of L2-invariants, Michigan Math. J. 46 (2) (1999) 331–346.
[3] J. Dodziuk, P. Linnell, V. Mathai, Th. Schick, St. Yates, Approximating L2-invariants, and the Atiyah conjecture,
Comm. Pure Appl. Math. 56 (7) (2003) 839–873.
[4] G. Elek, On the analytic zero divisor conjecture of Linnell, Bull. London Math. Soc. 35 (2) (2003) 236–238.
[5] G. Elek, The Strong Approximation Conjecture holds for amenable groups, J. Funct. Anal. 239 (1) (2006) 345–355.
[6] W. Lück, Approximating L2-invariants by their finite-dimensional analogues, Geom. Funct. Anal. 4 (1994) 455–481.
[7] W. Lück, L2-Invariants: Theory and Applications to Geometry and K-Theory, Ergeb. Math. Grenzgeb. (3), vol. 44,
Springer-Verlag, Berlin, 2002.
[8] Th. Schick, L2-determinant class and approximation of L2-Betti numbers, Trans. Amer. Math. Soc. 353 (8) (2001)
3247–3265.
